The nature of the fractional quantum Hall state at quarter filling in a wide quantum well is still under debate. Both one-component non-Abelian and two-component Abelian orders have been proposed to describe the system. Interestingly, these candidates received support from different experiments under disparate conditions. In this article, we focus on non-Abelian orders from Cooper pairing between composite fermions and the Abelian Halperin-(5,5,3) order. We discuss and predict systematically different experimental signatures to identify them in future experiment. In particular, we address the Mach-Zehnder interferometry experiment and show that it can identify the recently proposed 22111 parton order. arXiv:1909.04265v1 [cond-mat.str-el] 
I. INTRODUCTION
The majority of the incompressible fractional quantum Hall (FQH) states in a two-dimensional electron gas have odd denominators in their filling factors, which can be well explained by the Haldane-Halperin hierarchy [1, 2] and the theory of composite fermion [3] . In particular, the latter theory attaches 2p fluxes to an electron, such that the composite fermions experience a reduced average effective magnetic field. Furthermore, this magnetic field vanishes when the filling factor of the electron gas attains ν = n + 1/2p. Thus, the system is expected to be gapless [4] . This picture received experimental support from the observation of a well-defined Fermi sea of composite fermions in geometric resonance measurements at ν = 5/2 [5, 6] and ν = 1/4 [7] . At the same time, quantum Hall plateaus was observed at ν = 5/2 [8, 9] which led to a great surprise to the condensed matter society. Nowadays, more half-integer FQH states have been observed in different systems, such as ZnO heterostructures [10, 11] and graphene-based devices [12] [13] [14] . In order to explain the incompressible FQH states with even-denominator filling factors, the idea of superconducting pairing between composite fermions was introduced [15, 16] . Numerous topological orders have been proposed as candidates for the ν = 5/2 FQH state [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] . As a result, the nature of the FQH state is still under debate. In particular, some of these orders host non-Abelian quasiparticle excitations, which may open the door to topological quantum computation [29, 30] .
Apart from ν = 5/2, FQH state was observed at ν = 1/4 in wide GaAs quantum wells [31] [32] [33] and monolayer graphene at the isospin transition point [14] . In a wide quantum well, electrons tend to minimize the energy by concentrating themselves near to the two sides of the well. This charge distribution leads to an effective bilayer system [34] [35] [36] . Using the language of pseudospin, one may associate the spin-up and spin-down states to the two lowest electronic subbands of the system. This additional degree of freedom allows the formation of the ν = 1/4 FQH state [36, 37] . The two subbands are separated by a gap ∆ SAS , which depends on both the width of the well and the electron density of the system. In principle, both one-component and twocomponent topological orders can be realized in a bilayer system. Which one is preferred depends on the competition between ∆ SAS and the interaction between electrons in each effective layer, e 2 / ( B ). With a typical width of the quantum well w ≈ (50 − 60) nm and an electron density n ≈ (2.0−2.6)×10 11 cm −2 in the experiment [31] [32] [33] , it was estimated that ∆ SAS /(e 2 / B ) 0.1 [36, 38] .
Similar to the case of ν = 5/2 FQHE, different topological orders have been proposed to describe the ν = 1/4 FQH state [36, [38] [39] [40] [41] [42] [43] . The original experiment by Luhman et al. [31] reported that the FQH state was strengthened by tilting the sample in a magnetic field. Since it is believed that ∆ SAS is reduced by the in-plane magnetic field [44, 45] , the experiment was interpreted to favor a two-component topological order in the system. By investigating the problem numerically, Papić et al. [36] concluded that there is a competition between the Abelian Halperin-(5,5,3) order and the non-Abelian Pfaffian order in the system being explored in Ref. [31] . At the same time, they pointed out that the two-component state might be further stabilized by the in-plane magnetic field applied in the experiment.
The effect of charge distribution on the ν = 1/4 FQH state was examined in later experiment [32, 33] . On the one hand, Ref. [32] reported that the FQH state disappeared when the charge density is lowered or the charge distribution was made asymmetric. This result supported the Halperin-(5,5,3) order. On the other hand, observation of the FQH state in a sample with highly asymmetric charge distribution, and its disappearance when the distribution became symmetric, seemingly favored the one-component Pfaffian state [33] . Later on, an alternative explanation to the result in Ref. [33] with an Abelian two-component state based on partial subband polarization was proposed [43] .
Very recently, Faugno and his collaborators have reexamined the phase diagram of the quantum well problem at ν = 1/4 [38] . Their numerical results suggested the possibility of realizing a 22111 parton order in the system. Different from previous proposals, the 22111 parton order is topologically equivalent to a paired state formed by Cooper pairing of composite fermions in the f -wave channel. At this stage, the nature of the ν = 1/4 FQH state observed in the wide quantum well remains unsettled. In fact, the interplay between interlayer tunneling, charge imbalance and the nature of quantum Hall state in a wide quantum well can be complicated [43, 46, 47] . Given that the details and the procedures in different experiment were quite disparate, it may be possible that different topological orders were realized in different cases. Therefore, it is important to have a detailed list of predicted experimental signatures to identify different topological orders in future experiment. This is the main motivation of our current paper.
In our previous work [48] , we have related different topological orders for half-integer FQHE and twodimensional topological superconductors built by composite fermions. Based on this connection, we have systematically classified the orders by the Kitaev's sixteenfold way [49] and predicted their signatures in different experiment. In this paper, we continue our work in this direction to study different non-Abelian orders for FQH state at ν = 1/4. At the same time, it is equally important to understand the experimental signatures for Abelian orders. Since the Halperin-(5,5,3) order was shown to be a leading candidate in this category [36] , we will examine it explicitly. From the results in this paper, we argue that different topological orders can be identified unambiguously by combining signatures from various experiments. In turn, the question of whether an one-component or a two-component order is realized in the wide quantum well system under different conditions may be answered.
The paper is organized as follows. First, we discuss the topological properties of different non-Abelian orders for ν = 1/4 FQHE and make prediction on their experimental signatures in Sec. II. Then, we examine systematically the tunneling current and Fano factor in Mach-Zehnder interferometry for each non-Abelian topological order in Sec. III. In particular, we discuss how the recent proposal on 22111 parton order can be tested by the Mach-Zehnder inteferometry experiment. In Sec. IV, we provide a discussion on the experimental signatures for the Abelian two-component Halperin-(5,5,3) order. The results in the previous three sections are summarized in Sec. V. In the same section, we briefly comment on how the nature of ν = 1/4 FQHE in the wide quantum well can be resolved by combining different experimental signatures. Finally, we conclude our work in Sec. VI. At the end of the paper, two appendices are provided to supplement the main text. Appendix A provides an explicit calculation on the Chern number for a chiral lwave paired state. Appendix B introduces a class of simple wave functions for non-Abelian orders by solving the Bardeen-Cooper-Schrieffer Hamiltonian.
II. ONE-COMPONENT NON-ABELIAN ORDERS FOR ν = 1/4 FQHE
In this section, we focus on one-component non-Abelian orders for ν = 1/4 FQH state originating from Cooper pairing between spin-polarized composite fermions. The pairing is described by the following meanfield Bardeen-Cooper-Schrieffer (BCS) Hamiltonian:
In the above equation, ξ k = k 2 /2m − µ, with m and µ being the effective mass and the chemical potential of the composite fermions, respectively. Also, we set = 1 throughout the paper. The symbol ∆ k denotes the pairing gap function. In this paper, we focus on the chiral l-wave pairing, such that ∆ k = ∆ 0 (k x ± ik y ) l . Here, we need to clarify our notations. In the following discussion, l is always positive. Meanwhile, we will also call the paired state with ∆ k = ∆ 0 (k x − ik y ) l as the paired state with a negative , where = −l.
Since the composite fermions are spin-polarized, antisymmetry of the wave function only allows pairing in odd-l channels. It was shown by Read and Green [15] that the system is in the weak pairing phase and exhibits non-trivial topology when µ > 0. In Appendix A, we evaluate the Chern number C for the bulk of the system exactly. It is found that C = ±l for ∆ k = ∆ 0 (k x ± ik y ) l . In other words, there is an one-one correspondence between the Chern number and the pairing channel. Furthermore, the bulk-edge correspondence suggests that l copropagating Majorana modes exist at the edge of the system. This conclusion agrees with the numerical result obtained in Ref. [50] . Note that a pair of Majorana modes can form a Dirac fermion. Furthermore, the statistics is Abelian if all edge modes are Dirac fermions. Given that l is odd, there is at least one unpaired Majorana mode. Hence, the paired state with odd l is described by a non-Abelian topological order [15] .
The wave function for Pfaffian order to the ν = 1/4 FQH state is given by
Notice that the Gaussian exponential factor has been suppressed. Here, the fourth power in the Jastrow factor fixes the filling factor at ν = 1/4, which can also be understood as attaching four flux quanta to an electron and turning it into a composite fermion [3] . The Pfaffian factor originates from the BCS pairing between composite fermions in the = 1 channel. Following the procedures in Ref. [48] , wave functions for other non-Abelian orders resulting from higher l-wave pairing can be constructed iteratively for the ν = 1/4 FQHE. A more detailed discussion on composite-fermion pairing and another class of wave functions for the l-wave paired state can be found in Appendix B. The conformal field theory (CFT) approach provides a systematic way to extract topological properties of a topological order. It is conjectured that a wave function for a quantum Hall state can be constructed from correlation function between conformal field operators for electrons [51] . For example, the Pfaffian wave function in Eq. (2) can be constructed from the following correlation function:
The complex variable z k = x k + iy k labels the positions of the electrons on the 2D plane. Here, ψ is the Majorana mode, and ϕ ρ is the Bose charged mode. As a remark, an additional vertex operator to neutralize the background should also be included in G k , which is not shown here.
A. Quasiparticles and topological properties
The edge structure of the -wave paired state consists of two parts. First, it consists of l chiral Majorana modes, ψ j with j = 1, 2, · · · , l. The corresponding Lagrangian density for them with the same velocity v n is:
Depending on the sign of , these Majorana modes can be downstream or upstream. The second part is a single downstream charged mode ϕ ρ with velocity v ρ , being described by the following Lagrangian density:
From the edge structure, one can write down the most relevant electron operator for the topological order as
At the same time, the operator product expansion (OPE) between a quasiparticle operator Ψ qp and all possible electron operators must be single-valued [51] . Generically, we write Ψ qp = j σ j e iωϕρ . Here, σ j is the twist field with conformal dimension h σ = 1/16 in the SU(2) 2 CFT. Its fusion rule is
The single-valuedness condition leads to ω = 1/2 + n, where n is an integer. Thus, the quasiparticle has charge Q qp = e 4 (n + 1/2).
Therefore, the most fundamental quasiparticle has charge e/8.
Fractional statistics
From the edge structure and the form of quasiparticle operators, it is believed that the fractional statistics of the quasiparticles would satisfy the sixteenfold way. In fact, this is a universal feature of all paired states for FQHE at ν = 1/2p. It is because the non-Abelian sector, formed by the Majorana modes, is always described by the same CFT. Different filling factors of the FQH system correspond to different Abelian U(1) vertex operators for the charged mode only.
For later discussion on Mach-Zehnder interferometry in Sec. III, we evaluate the phase accumulated when an e/8 quasiparticle makes a complete counterclockwise circle about another e/8 quasiparticle. There are two fusion channels for the non-Abelian neutral vortex σ formed by the Majorana modes. Depending on the fusion channel β = ψ or I, the phase accumulated is
The first term φ U (1) = π/8 comes from the Abelian U(1) sector, whereas the second term φ σσ β comes from the braiding rules for neutral vortices in the sixteenfold way [48, 49] .
Central charge and thermal Hall conductance
With the edge structure discussed before, the central charge of the topological order can be determined easily. The single Bose mode and l Majorana modes contribute 1 and l/2 to the central charge, respectively. These two contributions add (subtract) when is positive (negative). Hence, the net central charge is
Existing thermal transport experiments cannot differentiate downstream modes and upstream modes [52, 53] . Thus, a positive thermal Hall conductance κ H is measured. Furthermore, κ H depends on whether the edge of the system is thermally equilibrated or not. If the edge of the quantum Hall bar in the experiment is much longer than the thermal equilibration length, i.e. L th , then the edge is under full thermal equilibration. In this scenario, one has [15, 54, 55] 
This result is universal for all filling factors at ν = 1/2p.
Scaling dimension and tunneling exponents
Suppose quasiparticles can tunnel between two edges of the same FQH liquid in a tunneling experiment. It was predicted that the tunneling current and conductance satisfy the scaling laws: I ∼ V 2g−1 and G ∼ T 2g−2 , respectively [56] . Here, V is the voltage difference across the two edges and T is the temperature of the system. The tunneling exponent g is two times the scaling dimension of the quasiparticle operator. This exponent is universal for topological orders without upstream edge modes (i.e. pairing in > 0 channels).
For < 0 (topological orders with upstream modes), the tunneling exponents are nonuniversal in a clean sample. Instead, they depend on the interaction between edge modes. On the other hand, impurities must exist in a real sample and lead to interedge tunneling. Suppose the disorder is weak and the corresponding interedge tunneling is a relevant process in the sense of renormalization group (RG). Then, the edge physics at low temperature is described by a disorder-dominated phase. In this case, we also say that the edge is equilibrated. Following the analysis in Refs. [23] and [24] , one can conclude that the tunneling exponents are universal when ≤ −3. The exponents are also universal for the case with = −1 (PH-Pfaffian order). It is because any random coupling between the charged mode and the single Majorana mode is irrelevant.
For simplicity, we assume the edge is equilibrated by disorder throughout the paper. Under this assumption, the scaling dimensions for different types of quasiparticles are
Furthermore, suppose the tunneling process is dominated by e/8 quasiparticles (see the discussion in Sec. III A).
Then, one has
and the following scaling laws:
Eqs. (14)-(16) may provide some information to identify the topological order in the ν = 1/4 FQHE from tunneling experiment.
Shift and Hall viscosity
In a numerical simulation, one may place a FQH liquid on a two-dimensional sphere. Since the sphere has a non-zero curvature, the number of magnetic flux quanta being enclosed (denoted as N φ ) and the number of electrons N are not simply related only by the filling factor. To quantify the difference from the plane geometry, the concept of shift S was defined as [57] 
It was shown that S is a topological quantum number, which depends on the topological order in the FQH liquid [57] .
Since S is a topological number, its value for different non-Abelian orders can be found by examining the simpler form of wave functions in Eq. (B10) and (B13). We determine S by finding the highest power of z 1 in the wave function and treatingz ∼ 1/z. This power is the same as N φ . For ν = 1/2p = 1/4 and > 0, Eq. (B10) gives
Similarly, one obtains from Eq. (B13) for < 0:
From the definition of S in Eq. (17), the -wave paired state has
Furthermore, the Hall viscosity is expected to be quantized as [58, 59] :
where ρ is the average electron density of the FQH liquid. Note that Eqs. (12) , (14) , (20) and (21) agree with the results in Ref. [38] .
In this section, we build on the discussion in Sec. II to examine experimental signatures in Mach-Zehnder interferometry for each non-Abelian order. It is essential to remark that quasiparticle statistics depends on the topological properties of the topological order, but not the precise microscopic wave function. Indeed, different wave functions with the same topological properties can be formulated to describe the low energy physics of a quantum Hall system. Consequently, interferometry experiment may identify the topological nature of the state and decide if it is non-Abelian. However, it cannot determine the exact wave function of the system.
As we argued in Ref. [48] , all non-Abelian topological orders in the sixteenfold way should demonstrate the even-odd effect in a Fabry-Pérot interferometer. As a result, this effect cannot help us to distinguish different non-Abelian orders for the ν = 1/4 FQH state. The ambiguity motivates us to examine a more complicated setup, namely the Mach-Zehnder interferometer. Now, we briefly review the principle of an electronic Mach-Zehnder interferometer. A more detailed discussion can be found in Refs. [48, 60, 62] . A schematic plot for the interferometer is shown in Fig. 1 . Quasiparticles can tunnel between the two edges of the quantum Hall liquid at the two quantum point contacts (QPCs), with tunneling amplitudes Γ 1 and Γ 2 . The tunneling process is described by the following Hamiltonian:
The symbol O i denotes the operator for the charge-q quasiparticles which tunnel at the QPC from edge i = A or B, with tunneling amplitude Γ q . Typically, a voltage V is applied to S1 and leads to an electrochemical potential difference eV between the two edges. In the experiment, the tunneling current from source S1 to drain D2 and the corresponding Fano noise are measured. Both quantities depend on the magnetic flux enclosed by the loop QPC1-A-QPC2-B-QPC1 and V . The state of D2 is described by a superselection sector in the form (q, α), where q and α are the electric charge and topological charge being stored in D2, respectively. When both tunneling amplitudes at the two QPCs are small, and the fusion channel of the tunneling particle with the topological charge in D2 is known, the transition rate between two superselection sectors is given by [60] :
In the above equation, φ AB and φ s are the Aharanov-Bohm phase and statistical phase accumulated when the quasiparticle encircles the whole device. Both constants r and u depend on the voltage and the temperature. The symbol δ is defined as δ = arg (uΓ 2 /Γ 1 ).
A. Renormalization group analysis
In the present case, both charge-e/8 or charge-e/4 quasiparticles can tunnel at the QPCs. Thus, one needs to identify which one of them dominates the process. The renormalization group equation for the tunneling process described by Eq. (22) is
Here, ∆ q is the scaling dimension of the operator O i . From Eqs. (13) and (24), one obtains the RG equations for e/4 and e/8 quasiparticles separately:
Again, we remind that the edge is assumed to be equilibrated. Then, Eqs. (25) and (26) also hold for paired states with < 0. Aside from charged particles, a neutral fermion ψ can tunnel at the QPC. The corresponding RG equation is
From the above RG analysis, the tunneling process for e/4 quasiparticle is always relevant. For e/8 quasiparticle tunneling, it is relevant when l < 7. The neutral-fermion tunneling is marginally relevant [61] . Furthermore, one has ∆ e/4 = 1/8 and ∆ e/8 = l/16 + 1/32 from Eq. (13). Thus, the e/8 quasiparticle is the most relevant when l = 1 (namely Pfaffian and PH-Pfaffian states) and should dominate the tunneling process in these two cases. When l = 3, 5, 7, tunneling for both e/4 and e/8 quasiparticles are relevant. The e/4 tunneling operator has a lower scaling dimension, but what type of particles dominates tunneling process also depends on their unrenormalized tunneling amplitudes. In the following discussion, we would assume that the tunneling process is dominated by e/8 quasiparticles when l < 7. For l > 7, the e/8 quasiparticle tunneling becomes irrelevant. Hence, the process is taken over by e/4 quasiparticles.
B. e/8 quasiparticle tunneling
First, we examine the tunneling current and Fano factor when the tunneling process is dominated by e/8 quasiparticles. In this case, there are twelve possible superselection sectors for D2, as shown in Fig. 2 . Eight consecutive tunneling events are required for the drain to absorb one electron charge. The bare transition rate between two sectors are given in Eq. (23) . Notice that some transition rates in Fig. 2 are multiplied by an additional factor of 1/2. This additional factor comes from the fusion probability of anyons. In our case, one has equal probability of getting ψ and I when two vortices σ are fused together. This probability can be calculated systematically from the algebraic theory of anyons [49] .
When an e/8 quasiparticle moves around an area with magnetic flux Φ, an Aharanov-Bohm phase φ AB = πΦ/(4Φ 0 ) is accumulated. The symbol Φ 0 = h/e denotes the magnetic flux quantum. Furthermore, the statistical phase accumulated when the quasiparticle encircles the drain D2 in the state (ne/8, α) is given by
The first term comes from the U(1) bosonic charged sector, whereas the second term is contributed from the braiding between the neutral modes. The eight Chernnumber-dependent phases in the transition rates between superselection sectors (see Fig. 2 ) are listed in Table. I. In this work, we only focus on the zero-temperature limit. Hence, quasiparticles can tunnel from the edge with the higher electrochemical potential to the edge with the lower electrochemical potential (edge 1 to edge 2 in Fig. 1 ) only. The corresponding transitions between different superselection sectors occur in one direction, as shown by the arrows in Fig. 2 . To determine the tunneling current and Fano factor for each non-Abelian order, we will employ the kinetic equation approach in Refs. [48, 62] .
To start, we introduce the symbol P s,i (t) for the probability that the charge sq was transferred from S1 to D2 during the time t. Here, q is the charge of the quasiparticle which dominates the tunneling process. The index i labels the topological charge of drain D2 at the time t. The topological charge is not affected by the transfer of an integer number of electrons to D2 (s → s + ne/q). The probability satisfies the following kinetic equation:
In the present case, N = 12 which is the number of possible superselection sectors for D2. The transition rate from sector i to sector j is denoted as w i→j . Table I .
To proceed, we introduce a generating function
Here k is uniquely determined by the topological sector i. From Eq. (29), we obtain the kinetic equation for f i (z, t):
The above equation can be written in the matrix form: f (z, t) = A · f (z, t), with A being a 12 × 12 matrix. By the Rohbrach theorem [63] , all eigenvalues of A are nonnegative at z = 1. Also, one of them is non-degenerate and being zero there. As t → ∞, this special eigenvalue dominates the solution, which we denote it as λ(z).
In terms of f i , the average charge being transmitted during the time interval t is given by
The tunneling current is defined as the the average charge transmitted per unit time:
Following the procedures in Refs. [48] and [64] , we obtain the tunneling current for each non-Abelian topological order:
Here, we have defined γ = φ AB + δ and the parameter s:
Note that the condition 0 ≤ s ≤ 1 must be satisfied [48] , so that the electric current flows from the edge with higher electrochemical potential to the lower, irrespective of φ AB . Generally, there are multiple relevant operators for quasiparticle tunneling at the QPCs. All these processes contribute to the Hamiltonian in Eq. (22) and affect the possible values of s. The renormalization group argument in Ref. [48] provides a possible mechanism for achieving s = 1 in the limit of V → 0 and T → 0 . In order to achieve the limit s = 1, it requires |Γ 1 | = |Γ 2 |, namely a symmetric interferometer. The coefficient c 1 and function c 2 (γ) in Eq. (34) depend on the Chern number of the topological order (or equivalently, pairing channel for the composite fermions). They are listed in Table II . In Fig. 3 , we plot the tunneling current for each non-Abelian order. The corresponding Fano noise to the tunneling current is defined as the following autocorrelation function:
Our definition follows the convention in Ref. [62] , such that a prefactor 1/2 is included. In the low-frequency limit, the Fano noise and the tunneling current are not independent. In fact, they satisfy the following relation:
The ratio e * is known as the Fano factor. It can be evaluated as [48, 64] e * = lim t→∞ δQ 2 (t) Here, δQ 2 (t) is the variance of the average charge transmitted in the time interval t. It can be obtained from f i as follows:
Similar to the tunneling current, it is straightforward to evaluate the Fano factor for each non-Abelian topological order. However, the general expression is too lengthy to be displayed here. The maximum Fano factor is achieved at s = 1. In Fig. 4 , we set s = 1 and plot the Fano factor against γ for each non-Abelian topological order. It is observed that both tunneling current and Fano factor are periodic in γ with a period of π/4. This feature is consistent with the Byers-Yang theorem [65] . In addition, the maximum Fano factor at s = 1 for each topological order has been determined numerically. The results are listed in Table III . 
Signatures for 22111 parton order in ν = 1/4 FQHE
When the width of the quantum well and electron density of the system are sufficiently large, it was recently suggested that the 22111 parton order may describe the ground state of the ν = 1/4 FQHE [38] . This speculated parton order is topologically equivalent to a f -wave paired state of composite fermions, i.e. pairing composite fermions in the = 3 channel. In this case, it is observed from Fig. 3 that the tunneling current is nearly (but not truly) symmetric about γ = π/8 (mod π/4). This feature is absent in other paired states. In addition, the maximum Fano factor at s = 1 is found to be about 1.08. As shown in Fig. 4 , it is rather likely for other topological orders to exceed this maximal value. Therefore, we suggest both tunneling current and Fano factor measurement in Mach-Zehnder interferometry can provide tight constraints to identify the parton order.
Signatures for PH-Pfaffian state in ν = 1/4 FQHE
Aside from the = 3 paired state, it is possible for the Mach-Zehnder interferometer to identify the PH-Pfaffian order ( = −1) for ν = 1/4 FQH state. As shown in Fig. 3 , the tunneling current can reach a maximum value of 0.12 [in unit of er(|Γ 1 | 2 + |Γ 2 | 2 )]. This value is at least 50% larger than the maximum current that can be achieved by other topological orders. In addition, Fig. 4 shows that the Fano factor increases rapidly at γ ≈ π/16 (mod π/8) when s = 1. It reaches a maximum value of about 53.2. This extremal value is one order of magnitude larger than the corresponding values for other paired states.
C. e/4 quasiparticle tunneling
We complete our analysis on Mach-Zehnder interferometry for non-Abelian orders with a short discussion on e/4 quasiparticle tunneling. Depending on the number of e/8 quasiparticles in the drain D2, two different scenarios may occur. We illustrate these two cases separately in Figs. 5 and 6. The most relevant charge-e/4 quasiparticles have a trivial topological charge. The quasiparticle is described by the vertex operator Ψ e/4 = e iϕρ . When it encircles the drain D2, a statistical phase
is accumulated. The symbol n denotes the number of charge-e/8 quasiparticles in D2. It is important to notice that φ s does not depend on the pairing channel of the composite fermions. Following similar procedures in previous discussion, one can set up a new set of kinetic equations to determine the tunneling current and Fano factor. When D2 has an odd number of e/8 quasiparticles, the tunneling current takes the form:
Meanwhile, the Fano factor is given by
Here, all symbols Γ 1 , Γ 2 , s are defined for the tunneling process of e/4 quasiparticles. Also, we define γ = πΦ/(2Φ 0 ) + δ.
On the other hand, the tunneling current and Fano factor when n is even are given by 
Notice that the expressions for the two cases are shifted by a phase of π/4 due to an additional e/8 quasiparticle in D2. Also, the period of π/2 in both tunneling current and Fano factor are expected [65] . Since the four sectors in D2 are connected as in the Laughlin states, the maximum Fano factor is e * = e at s = 1 [62] . In a general situation, all e/4, e/8 quasiparticles and the neutral fermion can tunnel at the QPCs. The corresponding tunneling current and Fano factor can be determined by solving a full set of kinetic equations. This procedure is straightforward but beyond the scope of our current manuscript.
IV. EXPERIMENTAL SIGNATURES OF HALPERIN-(5,5,3) ORDER
Although we focused mainly on non-Abelian topological orders in the previous two sections, the possibility of having a two-component Abelian order in the ν = 1/4 FQH state has not been completely ruled out. On the contrary, two-component orders become favorable if the two effective layers of 2DEG in a wide quantum well have a weak interlayer tunneling. Thus, it is equally important to examine the experiment signatures for two-component orders for the ν = 1/4 FQH state.
In this section, we concentrate on the spin-unpolarized Halperin-(5,5,3) order.
It was suggested that this Abelian order is a strong competitor to the non-Abelian orders in describing the ν = 1/4 FQH state in a wide quantum well [36] . Other two-component candidates, such as Halperin-(7,7,1) and Halperin-(5,13,1) orders are rather unlikely to be the solution. In particular, the former assumes each layer of electron gas has a filling factor of 1/7. With such a low filling factor, it is likely for the 2D electron gas to host a coupled Wigner crystal rather than a FQH state [31] . For the latter, it requires a strong density imbalance in the two effective layers. Furthermore, the Halperin-(5,13,1) order was also eliminated by the numerical results in Ref. [36] due to its requirement of having an unrealistically wide quantum well.
A. Edge structure and thermal Hall conductance
We start our discussion by reviewing the edge physics of the Halperin-(5,5,3) order, which is described by the following Lagrangian density:
The corresponding two-by-two K matrix and charge vector t:
The V matrix characterizes the interaction between the two edge modes. The edge of the topological order has two downstream bosonic charged modes, ϕ 1 and ϕ 2 . Thus, the thermal Hall conductance is predicted to be
B. Quasiparticles and tunneling exponents
Generically, any quasiparticle in an Abelian twocomponent topological order can be represented by a vertex operator [56] :
Here, we define l = (l 1 , l 2 ) ∈ Z 2 and ϕ = (ϕ 1 , ϕ 2 ). The quasiparticle has charge q:
Since all edge modes propagate in the same direction, the scaling dimension of Ψ q is independent of the interaction between the edge modes. Specifically, one has
Furthermore, a phase of φ 12 = 2πl T 1 K −1 l 2 is accumulated when a quasiparticle characterized by l 1 encircles another quasiparticle characterized by l 2 , in the counterclockwise direction.
The two most relevant electron operators for the spinunpolarized Halperin-(5,5,3) order are given by Ψ e = e 5iϕ1+3iϕ2 and Ψ e = e 3iϕ1+5iϕ2 .
Both of them have scaling dimension ∆ e = 5/2. Different from non-Abelian orders, there are two types of the most fundamental quasiparticles. They are described by the vertex operators Ψ e/8 = e iϕ1 and Ψ e/8 = e iϕ2 .
Both of them have charge e/8 and scaling dimension ∆ e/8 = 5/32. For convenience in later discussion, we simply name the e/8 quasiparticle described by a = (1, 0) and b = (0, 1) as a and b quasiparticles, respectively. It is straightforward to verify that the two operators in Eq. (52) have single-valued OPEs with the two electron operators in Eq. (51).
Fractional statistics
Now, we determine the phase accumulated when an e/8 quasiparticle encircles another e/8 quasiparticle. When the two quasiparticles are identical, one has
If the two quasiparticles are different, then the mutual statistical phase is
These two results are important to our discussion on Mach-Zehnder interferometry in the next subsection.
Tunneling exponents
From the previous discussion on scaling dimensions, the tunneling exponents for e/8-, e/4-quasiparticles and electron for the Halperin-(5,5,3) order are g e/8 = 5 16 , g e/4 = 1 4
, g e = 5.
Notice that g e/8 are different from all tunneling exponents predicted for one-component non-Abelian orders in Sec. II (see Table IV also). Thus, the tunneling experiment may distinguish between the Halperin-(5,5,3) order and other non-Abelian orders, given that the tunneling process is dominated by e/8 quasiparticles.
C. Mach-Zehnder interferometry
Following the renormalization group analysis in Sec. III A, both charge-e/8 and charge-e/4 quasiparticle tunneling are relevant processes for the Halperin-(5,5,3) order. Again, we will assume the process is dominated by the e/8 quasiparticles in the following discussion. For the present case, we need to take care of the two flavors of e/8 quasiparticles, namely the a = (1, 0) and b = (0, 1) quasiparticles. In a general situation, they have different tunneling amplitudes at the quantum point contacts. Also, the probability of exciting them in the FQH system can be different. A special case arises if an exact or approximate flavor symmetry exists between the a and b quasiparticles. Then, the Abelian topological order can also demonstrate the even-odd effect in a Fabry-Pérot interferometer, with the same reasoning in the case of Halperin-(3,3,1) order [66] . In other words, the observation of even-odd effect is not a decisive experimental signature for identifying an one-component non-Abelian order. This subtlety motivates us to examine Mach-Zehnder interferometry on the (5,5,3) order. Our analysis follows closely to previous work on the (3,3,1) order [67] and (1,1,3 ) order [68, 69] . At the end, we find that both predicted tunneling current and Fano factor for the (5, 5, 3) order are different from those results for non-Abelian orders in Sec. III. Consider the situation when there are m copies of a and n copies of b quasiparticles being stored in the drain D2 (see Fig. 1 for the experimental setup). We denote this superselection sectors by a vector l = (m, n). The electric charge in D2 is e(m + n)/8. When an incoming a quasiparticle encircles the drain D2, a phase of
will be accumulated. If the incoming particle is a b quasiparticle, then the corresponding phase becomes
Furthermore, two particles with l and l = l + n 1 (5, 3) + n 2 (3, 5) are identified. It is because the same phase would be accumulated when an e/8 quasiparticle encircles them. As a result, D2 can have 16 different possible superselection sectors as illustrated in Fig. 7 . Importantly, all 16 sectors are connected. Otherwise, processes described by less relevant operators matter. Depending on the flavors of the incoming e/8 quasiparticle, x = a or b, the transition rates between the superselection sectors are
Here, the two symbols s x = 2 |uΓ x
and δ x = arg (uΓ x 2 /Γ x 1 ) are defined. The tunneling current and Fano factor can be obtained from the kinetic equation approach in Sec. III B by formulating a new 16 × 16 matrix A to describe the transition rates between the superselection sectors shown in Fig. 7 . However, the general expressions are very lengthy to be displayed here. In order to simplify our discussion and highlight some special cases, we set s a = s b = 1 and δ a = δ b . Also, we define Γ b i 2 = η |Γ a i | 2 , where i = 1, 2 labels the QPCs. Here, the parameter η characterizes the asymmetry between the two flavors of e/8 quasiparticles in the topological order. We show the tunneling current and Fano factor for several values of η in Fig. 8 and Fig. 9 , respectively. 
Quasiparticles with flavor symmetry
Suppose there is an exact flavor symmetry between the a and b types of e/8 quasiparticles. This scenario is captured by the setting of η = 1. Then, some superselection sectors for D2 in Fig. 7 are identified. The end result is shown in Fig. 10 . In this case, the tunneling amplitudes satisfy Γ a i = Γ b i . Thus, the transition rates in Eq. (58) simplifies to p a j = p b j = p j . The corresponding tunneling current is given by Eq. (59) , which has a similar form to Eq. (34). This similarity can be understood since both Fig. 2 have the same topology. In order to compare with the results for non-Abelian orders, we also plot Eq. (59) in Fig. 3 . From the figure, it is observed that the overall shape for the tunneling current for the Halperin-(5,5,3) order is different from the results for non-Abelian orders. This feature suggests that it can be more effective to distinguish Abelian and non-Abelian orders for the ν = 1/4 FQH state by performing Mach-Zehnder experiment. . (59) Furthermore, the maximum and minimum Fano factors when s = 1 are found to be e * max ≈ 1.93e and e * min ≈ 0.50e. These two values are very close to the results for the ( = 5)-paired state. Nevertheless, the overall shape of the two curves as a function of γ are not identical. This is illustrated in Fig. 4 .
Tunneling by only one flavor of quasiparticles
Another special case happens when only one flavor of e/8 quasiparticles is allowed to tunnel at the QPCs. Suppose this quasiparticle is the a = (1, 0) particle. Then, the scenario is captured by the setting of η = 0. In this case, the 16 superselection sectors for D2 are connected in a simple way, analogous to the Laughlin state (simply connected by the red solid lines in Fig. 7) . In other words, it takes 16 consecutive e/8-quasiparticle tunneling events for the drain to return to its initial state. As a result, the periods in the tunneling current and Fano factor reduce to π/8. Also, the Fano factor has a maximum value of e * = 2e [48] .
From Figs. 3, 4, 8 and 9 , we find that the difference between the experimental signatures in Mach-Zehnder interferometry for Halperin-(5,5,3) order and non-Abelian orders become more transparent in the limit η → 0. On the other hand, it becomes more challenging to resolve the small difference when η → 1. Therefore, it requires a combination of different types of experiment to identify the topological order in the ν = 1/4 FQH state.
V. SUMMARY OF EXPERIMENTAL SIGNATURES
In Table IV , we summarize the experimental signatures for different topological orders. Based on the table, we comment briefly on how the results may help to identify the nature of the ν = 1/4 FQH state.
First, consider the tunneling experiment. We assume the tunneling process is dominated by the smallest-charge quasiparticles. In other words, the charge-e/8 quasiparticles. Under this assumption, topological orders with different numbers of Majorana modes at the edge will have different tunneling exponents g e/8 . However, the chirality of the Majorana modes cannot be determined from tunneling experiment. In order to differentiate between topological orders with upstream and downstream Majorana modes, an additional experiment is required. This complementary experiment can be upstream noise probing experiment or thermal Hall conductance mea-surement. If topologically protected upstream neutral modes are observed, then it provides a support to the PH-Pfaffian and anti-Pfaffian orders. A Mach-Zehnder experiment or thermal Hall conductance measurement may differentiate between these two orders.
For topological orders having more than one Majorana mode at the edge (including 22111 parton order and Halperin-553 order), the situation becomes subtle. It is because the e/4 quasiparticles may dominate the tunneling process. In this situation, one needs to employ other types of experiments to identify different topological orders. Another tricky point for tunneling experiment is that it may overestimate the tunneling exponent [24, [70] [71] [72] [73] . Thus, the experiment provides an upper bound to the tunneling exponent. This bound may help to narrow down the set of possible candidates.
Next, the thermal Hall conductance experiment may provide a more direct probe to the topological order. If one focuses on the Pfaffian, Halperin-553 and the 22111 parton order, all of them have downstream edge modes only. Thus, partial thermal equilibration should not be an issue. Lastly, all topological orders show different tunneling currents and Fano factors in the Mach-Zehnder experiment. By combining different experimental results, an unambiguous identification of the topological orders in the FQH state may be achieved.
VI. CONCLUSIONS
To conclude our work, we have examined different experimental signatures for non-Abelian orders from composite-fermion pairing and the Abelian Halperin-(5,5,3) order for the ν = 1/4 FQH state. The results are summarized in Table IV , which provides a reference and direction for future experiment to identify the underlying topological order in the system.
For the recently proposed 22111 parton order, it should show a thermal Hall conductance of κ H = 2.5π 2 k 2 B T /3h, satisfy the scaling laws I ∼ V −1/8 and G ∼ T −9/8 in tunneling experiment. In addition, we predicted that it should demonstrate a more symmetric tunneling current in Mach-Zehnder experiment than other candidates. Furthermore, a relatively small maximal Fano factor is expected. The last two signatures provide tight constraints to test the proposal in future experiment.
At the same time, we predicted that the twocomponent Halperin- (5, 5, 3) order should show different signatures from all the non-Abelian candidates. In particular, a measurement of κ H = 2π 2 k 2 B T /3h may be a smoking-gun signal to identify the Abelian order. An- other possible way to identify the (5,5,3) order comes from Mach-Zehnder interferometry. Further support may be gained from tunneling experiment if e/8 quasiparticles dominate the tunneling process. More importantly, each type of experiment has its own subtleties. Therefore, the identification of the topological order in the ν = 1/4 FQHE requires a combination of different experimental signatures.
Lastly, some other problems on FQHE at ν = 1/4 are still waiting for further exploration. For example, can we have a better understanding on the phase transition in a bilayer system, in which each layer is a quarterly filled wide quantum well? Will a topological phase transition from a phase of decoupled 22111 parton orders to a high-Chern-number phase occurs there? Also, what is the expected topological order in other materials with ν = 1/4 FQHE, such as monolayer graphene at the isospin transition point [14] ?
In this appendix, we examine the topological nature of the non-Abelian orders originating from chiral l-wave pairing. Since the corresponding BCS Hamiltonian breaks both time-reversal symmetry and spinrotational invariance, it is under the symmetry class D in the Altland-Zirnbauer classification [74] . The second homotopy group π 2 (S 2 ) ∼ = Z suggests that the system is classified by an integer, namely the first Chern number [15] . We evaluate this quantity explicitly in the following discussion.
In terms of field operators, the BCS Hamiltonian in Eq. (1) in the main text can be written as
Here, Ψ(k) is the field operator which annihilates a composite fermion with momentum k. The three 2 × 2 Pauli matrices are collectively denoted as σ. The operator h is given by
Recall that the chiral l-wave paired state has a gap function ∆ k = ∆ 0 (k x ± ik y ) l . In polar coordinates, one has
From this, one further defines a unit vectorĥ = h/ |h|. Depending on k, the unit vectorĥ can be associated to different points on the unit sphere as shown in Fig. 11 . The Chern number captures the number of times that the entire unit sphere is covered when one sweeps through all possible k. Explicitly, the Chern number is given by [75] :
After a direct substitution of Eq. (A3), the twodimensional integral becomes
In the last step, the assumption |∆ 0 k l /(k 2 /2m − µ)| 1 for all values of k has been used. Therefore, C = ±l = when µ > 0 (weak-pairing phase). On the other hand, the Chern number vanishes when µ < 0 (strong-pairing phase). Here, we choose ∆ k = ∆0(kx + iky) l as the demonstration. For a fixed value of k,ĥ sweeps out a circle with constant hz in the counterclockwise direction (the red circle as an example). For the l-wave pairing, the red circle is traversed for l times. When k increases from 0 to ∞, S 2 is covered for l times. Hence, the Chern number is expected to be l.
with the dispersion relation k = ξ 2 k + |∆ k | 2 for quasiparticle excitations. The wave function for the BCS ground state is
The symbol |vac denotes the vacuum state, in which no Bogoliubov quasiparticles are present. In momentum space, the correlation function g k is given by
Both the Pfaffian and PH-Pfaffian orders correspond to the paired states with l = 1. Specifically, the former and latter have positive and negative sign in the denominator of g k , respectively. The wave function in the real space representation can be obtained from the Fourier transform of g k , i.e. g (z) = F [g k ]. Here, the symbol F [f (x)] represents the Fourier transform of the function f (x). Finally, the wave function for a ν = 1/2p FQH state is
The Gaussian exponential factor has been skipped in the above equation.
To provide a demonstration of the above recipe, one can obtain the wave function for Pfaffian state from g (z) = F[1/(k x + ik y )] as follows. To clarify notations in the following discussion, the holomorphic and antiholomorphic derivatives are defined as
From the property of Fourier transform, one has
In the calculation, we only focus on the functional form in each step. Hence, the symbol ∼ is used. All other prefactors can be absorbed in the normalization factor of the final wave function. From Eq. (B5), one obtains the wave function for Pfaffian state ( = 1 pairing):
where N is the number of electrons in the system. The above procedures can be applied to higher l-wave pairing, which lead to Clearly, the wave function in Eq. (B10) is not confined in a single Landau level. To project the wave function to the lowest Landau level (LLL), one generally pulls all the antiholomorphic variablesz i to the left and replace them by derivativesz i → 2 ∂ ∂zi [76] . Then, the differentiation only acts on the polynomial part, but not on the exponential Gaussian factor. In our present case, this general procedure will lead to a complicated form of wave functions.
At the same time, recall that any wave function confined in the LLL is a product between a holomorphic function and an exponential Gaussian factor [76] . Based on this idea, we suggest a simpler form of wave function which is topologically equivalent to the wave function in Eq. (B10):
Here, the lowest Landau level projection operator P LLL is defined as [27] 
]. The wave function in Eq. (B11) can be interpreted as follows. First, we replace the (z i −z j ) l−1 in the Pfaffian by 1/(z i − z j ) l−1 and keep the filling factor fixed at ν = 1/2p without changing the Jastrow factor. Meanwhile, an additional real factor |R| 2 ∼ i<j |z i − z j | ζ with ζ > max (0, l − 2p) is multiplied to the wave function. Otherwise, the wave function diverges when z i → z j . This real factor does not alter the filling factor nor the topological properties of the wave functions after projecting the wave function to the LLL. b. Case 2: < 0 For < 0, a simpler wave function can be obtained by first complex conjugating the Pfaffian factor in Eq. (B10). This gives
Following the previous argument, the above wave function is topologically equivalent to
The lowest Landau level projection is performed in the same way in Eq. (B12). Nevertheless, the above LLL projection may lead to a gapless state, similar to the case of PH-Pfaffian order as argued in Ref. [77] .
2. How about wave functions for Abelian topological orders?
In the above discussion, we have only formulated wave functions for non-Abelian orders by pairing the composite fermions in different odd-l channels. A natural followup question is whether the same procedure can be applied to formulate wave functions for Abelian topological orders? For a spin-polarized or one-component system, we are not aware of how to apply the above techniques directly on Abelian orders. Nevertheless, one can still describe the properties of the corresponding topological orders. It is believed that they are still described by the sixteenfold way [48] . From this universal description, it is also possible to predict experimental signatures for them in different experiment. However, this discussion is beyond the scope of our current work and may be addressed in a separate manuscript.
At the end, we want to make a short remark which may lead to several questions for future investigation. It was shown that the wave function for spin-unpolarized Halperin-(3,3,1) order may be understood from the spintriplet p-wave pairing between spin-unpolarized composite fermions [15, 78] . Is it possible to generalize the idea to the ν = 1/4 FQHE and leads to the wave function for the Halperin-(5,5,3) order? Furthermore, the spinpolarized (3,3,1) order is related to its spin-unpolarized version by a similarity transformation [24] . Thus, it leads to the question of whether wave functions for spinpolarized Abelian order can be generated indirectly from the wave functions of spin-unpolarized multicomponent Abelian orders?
